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Abstract
The vector system of linear differential equations for a field with arbitrary
fractional spin is proposed using infinite-dimensional half-bounded unitary
representations of the SL(2, R) group. In the case of (2j + 1)-dimensional
nonunitary representations of that group, 0 < 2j ∈ Z, they are transformed
into equations for spin-j fields. A local gauge symmetry associated to the
vector system of equations is identified and the simplest gauge invariant field
action, leading to these equations, is constructed.
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1 Introduction
A (2+1)-dimensional space-time offers new possibilities which are not present
in any higher dimensional case: due to the Abelian nature of the spatial ro-
tation group, SO(2), and the topology of many-particle configuration space,
the spin of a relativistic particle can be an arbitrary real number, and a
generalized statistics, intermediate between Bose and Fermi statistics, is also
possible [1] (see also reviews [2] and references therein). The considerable
interest to the field models of such particles, called anyons, is due to their
application to different planar physical phenomena: the fractional quantum
Hall effect, high-Tc superconductivity and description of the physical pro-
cesses in the presence of cosmic strings [3].
There are several field models realizing anyonic states. They appear as
topological solitons in the O(3) nonlinear σ model or the CP 1 model with the
topological Hopf term [4], which turns in the low-energy limit into the CP 1
model with the Chern-Simons term [5]. In the Higgs models with the topo-
logical Chern-Simons term [6, 7], anyons are the electrically charged vortices,
whereas in the models with the topologically massive vector gauge field, the
anyons are the particles directly associated to the matter field [8]. But, since
all these models contain other states, they do not give a minimal theory of
anyons. In the best known approach, point particles, described by scalar or
spinor fields, are coupled to a U(1) gauge field, the so-called statistical gauge
field, whose dynamics is governed by the Chern-Simons action [9, 2]. This
statistical gauge field changes the spin and statistics of particles, but here it
is not clear whether the only effect of the gauge field is to endow the particle
with arbitrary spin or whether residual interactions are also present.
Therefore, we arrive at the natural question: is it possible to describe the
anyons in a minimal way, without using the statistical Chern-Simons gauge
field? For the purpose, one can turn over the group theoretical approach, gen-
eralizing ordinary approach to the description of bosonic and fermionic fields.
Within such an approach, one can work with the multi-valued representa-
tions of the (2+1)-dimensional Lorentz group SO(2, 1) [10]–[12], or with the
definite infinite-dimensional representations of its universal covering group
SO(2, 1) (or SL(2, R), isomorphic to it) [12]–[18]. Though, there is a close
connection between these two possibilities [12], the problem of construct-
ing the field actions in the case of using the multi-valued representations
of the Lorentz group is open. At the same time, different variants of the
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free field equations and corresponding actions were proposed for fractional
spin fields within the framework of the approach dealing with the infinite-
dimensional representations of SL(2, R) [12], [14]–[16]. But here mutually
connected problems of second quantization and spin-statistics relation are
still unsolved. Therefore, strictly speaking, we cannot use the term ‘anyons’
for such fractional spin fields before establishing the spin-statistics relation,
and it seems important to continue a search of new equations and correspond-
ing actions for a fractional spin field in the framework of the group-theoretical
approach.
In the present paper we propose new equations for fractional spin fields,
which, in our opinion, have definite advantages with respect to those from
refs. [12],[14]–[16]. They are linear differential equations, and the correspond-
ing fields here, unlike those from equations proposed in refs. [14, 16], carry
irreducible representations of SL(2, R). In this sense the proposed equa-
tions are similar to equations for ‘semions’ (i.e. fields with spin ±(1/4 + n),
n = 0,±1, ...), which have been proposed in [13, 17], and generalized to the
case of arbitrary spin fields with the help of the deformed Heisenberg algebra
in a recent paper [18]. The equations which we shall construct, have the fol-
lowing property of ‘universality’: if we choose in them (2j + 1)-dimensional
nonunitary representation of SL(2, R), we will get the equations for a mas-
sive field with integer or half-integer spin j. In particular, at j = 1/2 and
j = 1 these equations are reduced to the Dirac equation and to the equa-
tion for a topologically massive vector gauge field, respectively. On the other
hand, the choice of infinite-dimensional unitary representation of the discrete
type series, restricted from below or from above, which is the only additional
possibility allowing nontrivial solutions, gives the equations for a field with
fractional (arbitrary) spin. Therefore, the proposed equations give some link
between the ordinary description of bosonic integer and fermionic half-integer
spin fields, and the fields with arbitrary spin. Moreover, as we shall see, they
represent by themselves the first example of equations which fix the choice
of infinite-dimensional unitary representations of SL(2, R) group for the de-
scription of fractional spin fields. Also, we shall see that the vector system
of linear equations satisfy some identity which, being a consequence of the
choice of irreducible representation of SL(2, R), can be used as a dynami-
cal principle for the construction of the corresponding gauge invariant field
action.
The paper is organized as follows. In sect. 2 we investigate the equa-
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tion, which, in general case, establishes a mass-spin relation for (2j + 1)–
or infinite–component fields, depending on the choice of the corresponding
representation of SL(2, R). Except for the case j = 1/2 and j = 1, it does
not describe irreducible representations of (2+1)-dimensional quantum me-
chanical Poincare´ group ISO(2, 1). Then, in sect. 3, proceeding from this
equation, we find in a simple way the system of equations which desribe a
relativistic field with arbitrary (fixed) spin and fixed mass, i.e., an irreducible
representation of ISO(2, 1). A first attempt in the direction of identifying
the field action is pointed out. Sect. 4 is devoted to the discussion of the re-
sults and to the concluding remarks. Here, in particular, we demostrate that
the proposed equations unambiguosly fix the choice of the representations of
the discrete series D±α of SL(2, R) for the description of fractional spin fields,
and that they are the only possible linear vector equations for such fields.
2 Mass-spin equation
Let us consider the (2+1)-dimensional field equation [14, 15]
(PJ − εαm)Ψ = 0, (2.1)
where ε = +1 or −1, and Jµ are the generators of the SL(2, R) group, which
satisfy the algebra:
[Jµ, Jν ] = −iǫµνλJλ. (2.2)
Here, a real parameter α 6= 0 defines the value of the SL(2, R) Casimir
operator:
J2 = −α(α− 1), (2.3)
i.e. in the case α = −j, j > 0 being integer or half-integer, we suppose the
choice of a (2j + 1)-dimensional irreducible nonunitary representation D˜j of
SL(2, R), whereas in the case α > 0 we mean the choice of an irreducible
unitary infinite-dimensional representation of the discrete type series D±α of
that group [19]. These two types of representations are characterized by the
following property: they have a lowest or a highest state annihilated by the
corresponding operator J+ or J− (see below) in the case of representations
D±α , or both such states in the case of finite-dimensional representations D˜j .
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Let us turn over the case of finite-dimensional representations and first
consider the simplest nontrivial case of the spinor representation
Jµ = −1
2
γµ, (2.4)
γµγν = −gµν + iǫµνλγλ, γ0 = σ3, γi = iσi, i = 1, 2, (2.5)
where σa, a = 1, 2, 3, are the Pauli matrices. It is this simplest case that will
help us to find the equations we are looking for. Generators (2.4) correspond
to the 2-dimensional irreducible nonunitary representation D˜1/2 with −α =
j = 1/2, and reduce equation (2.1) to the (2+1)-dimensional Dirac equation:
(Pγ − εm)Ψ = 0. (2.6)
The angular momentum operator
Mµν = xµPν − xνPµ + ǫµνλJλ (2.7)
is not hermitian and therefore it is necessary to use the indefinite ‘internal’
Dirac scalar product
(Ψ1,Ψ2) = Ψ
a
1Ψ
a
2, Ψ = Ψ
†γ0,
to restore hermiticity.
From the Klein-Gordon equation
(P 2 +m2)Ψ = 0, (2.8)
following from (2.6), we conclude that in the case −α = j = 1/2 initial
equation (2.1) describes a particle with mass M = m and spin s = −ε/2,
where s is the eigenvalue of the relativistic spin operator
S = − 1
2
√−P 2 ǫµνλP
µMνλ. (2.9)
In the case of the vector representation (α = −1),
(Jµ)
α
β = −iǫαµβ , (2.10)
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we have J2 = −2, and eq. (2.1) becomes the equation for the topologically
massive vector field [20]:
(−iǫαµβPµ + εmgαβ)Ψβ = 0. (2.11)
From (2.11) it follows that PµΨ
µ = 0, and that the field Ψµ satisfies the
Klein-Gordon equation (2.8). Then, using definition (2.9), we conclude that
the field Ψµ has spin s = −ε. Jµ and the angular momentum operator (2.7)
are hermitian with respect to the obvious indefinite ‘internal’ scalar product
(Ψ1,Ψ2) = Ψ
∗α
1 gαβΨ
β
2 .
Putting Ψα =
1
2
ǫαβγF
βγ, F αβ = ∂αAβ − ∂βAα, we can rewrite eq. (2.11) in
the form of equations of motion for the field strength tensor [20]:
(gµλ∂ν +
1
2
mǫµνλ)F
νλ = 0. (2.12)
An arbitrary (2j + 1)-dimensional nonunitary representation D˜j of
SL(2, R) can be obtained from the corresponding (2j + 1)-dimensional rep-
resentation Dj , j = 1/2, 1, 3/2, ..., of the SU(2) group. Indeed, let the her-
mitian operators J a, a = 1, 2, 3, be the generators of SU(2) group in the
representation Dj , i.e.
[J a,J b] = iǫabcJ c, (2.13)
and
J aJ a = j(j + 1). (2.14)
Then the substitution
J0 = J 3, J i = −iJ i, i = 1, 2, (2.15)
gives us the operators Jµ satisfying commutation relations (2.2), and con-
dition (2.3) with α = −j. Then to have an angular momentum operator
(2.7) as a hermitian one, it is necessary to use the corresponding indefinite
scalar product, which we do not write here for the general case. Note only
that representation (2.4) is exactly representation (2.15) for j = 1/2 if we
put J a = σa/2, whereas representation (2.10) is connected with the corre-
sponding representation (2.15) with (J b)ac = iǫabc at j = 1 via the unitary
transformation:
UJ˜µU−1 = Jµ,
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where we denoted the operators (2.15) as J˜µ, and U is the unitary diagonal
3× 3-matrix with nonzero elements: U00 = −i, U11 = U22 = 1.
In the case of j > 1, the corresponding (2j + 1)-component field Ψ satis-
fying the equation (2.1) with α = −j, does not describe an irreducible rep-
resentation of the (2+1)-dimensional quantum mechanical Poincare´ group
ISO(2, 1). Indeed, first of all we note that the equation has no nontrivial
solutions in the cases p2 > 0 and p2 = 0 since according to (2.15), operators
J i and J0±J i have no real nonzero eigenvalues. Therefore, the nontrivial so-
lutions may exist only for p2 < 0. Then, passing over to the rest frame p = 0
via the corresponding Lorentz transformation, and using the representation
where the operator J0 is diagonal, we find the solutions of the equation (2.1):
Ψr ∝ δ(p0 − ǫ0M|r|)δ(p). (2.16)
Here r = −j,−j + 1, ..., j − 1, j, except for the value r = 0 for integer j,
ǫ0 = ε · sign r,
M|r| = m
j
|r| (2.17)
is the mass of the corresponding state, whereas, according to (2.9), its spin
is s = −ε|r|. Therefore, we conclude that eq. (2.1) describes two states with
fixed mass M = m and spin s = −εj only in the cases when −α = j = 1/2
and 1. These two states differ in their energy signs. In all other cases eq.
(2.1) describes a set of 2N states, where N = j and N = (2j + 1)/2 for the
cases of integer and half-integer j’s, respectively.
Now let us turn to the case of irreducible unitary infinite-dimensional rep-
resentations of the discrete series D+α or D
−
α of SL(2, R). These representa-
tions are characterized by the value of the Casimir operator (2.3) with α > 0,
and by the eigenvalues of the operator J0: j
n
0 = α+ n and j
n
0 = −(α+ n) in
these two series, respectively, where n = 0, 1, 2, ... [19]. In the representation
D+α with diagonal operator J
0, the matrix elements of Jµ are [15]:
J0kn = −(α + n)δk,n, (2.18)
J+kn = −
√
(2α+ n− 1)n · δk+1,n, J−kn = −
√
(2α+ n)(n + 1) · δk−1,n, (2.19)
where J± = J1 ∓ iJ2 and k, n = 0, 1, 2, .... The representation D−α can be
obtained from (2.18), (2.19) through the substitution [12]:
J0 → −J0, J1 → −J1, J2 → J2. (2.20)
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Here generators Jµ are hermitian with respect to the positive definite scalar
product (Ψ1,Ψ2) = Ψ
∗n
1 Ψ
n
2 .
In the cases of the infinite-dimensional representations D±α , eq. (2.1) is a
(2 + 1)-dimensional analog of the Majorana equation [21], which appears as
the equation for the physical subspace in the model of the relativistic particle
with torsion [15]. Moreover, the mass spectrum (2.17) appears in that model
too: it is the spectrum of the model in the euclidean space-time. Note also
that the action for the model of the relativistic particle with torsion, in turn,
appeared as the effective action for a charged particle interacting with a U(1)
statistical gauge field [22].
Passing over to the rest frame p = 0 in the case when p2 < 0, we find the
solutions of this equation:
Ψn ∝ δ(p0 − εε′Mn)δ(p), (2.21)
where ε′ = +1 and −1 for representations D+α and D−α , respectively. Their
masses and spins are
Mn = m
α
α + n
, sn = ε(α + n). (2.22)
If we take the direct sum of representations, D+α ⊕D−α , we will have the states
with both energy signs in the massive sector [12]. Majorana equation (2.1)
as well as its ( 3 + 1 )-dimensional analog [21], besides massive solutions
also has massless and tachyonic solutions (see ref. [15]).
To single out the state with highest mass, M0 = m, and lowest spin, s0 =
εα, and to get rid of massless and tachyonic solutions, one can supplement
equation (2.1), linear in P µ, with the Klein-Gordon equation (2.8) [12, 15, 16].
Obviously, in the case of finite-dimensional representations D˜j and for the
corresponding choice α = −j, these two equations single out two states with
mass M = m and spin s = −εj, differing in their energy sign.
3 Linear differential equations for fractional
spin
Since eqs. (2.1) and (2.8) are completely independent in the case of rep-
resentations D±α (as well as in the case of representations D˜j, j 6= 1/2, 1),
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they are not very suitable equations as a basis for constructing the action
and quantum theory of the fractional spin field. In this section we shall
construct the set of linear differential equations for the field with arbitrary
fractional spin in such a way that both equations (2.1) and (2.8) will appear
as a consequence of them.
To find such equations, let us multiply eq. (2.6) by an invertible operator
1
2
γµ. Then we obtain the vector system of three equations:
LµΨ = 0, (3.1)
with
Lµ ≡ (αPµ − iǫµνλP νJλ + εmJµ), (3.2)
where Jµ = −12γµ and α = −12 . These equations are equivalent to eq. (2.6).
Let us show now that in the general case, i.e. for the choice of any repre-
sentation D˜j or D
±
α , these equations are equivalent to eqs. (2.1) and (2.8).
Indeed, multiplying eq. (3.1) by Jµ, Pµ and iǫµνλP
νJλ, we correspondingly
get:
(α− 1)(PJ − εαm)Ψ = 0, (3.3)(
α(P 2 +m2) + εm(PJ − εαm)
)
Ψ = 0, (3.4)(
α(α− 1)(P 2 +m2) + (PJ + ε(α− 1)m)(PJ − εαm)
)
Ψ = 0. (3.5)
Whence we immediately arrive at the desired conclusion for α > 0, α 6= 1,
and α = −j. As for the case α = 1, in which eq. (3.3) disappears, we note
that eqs. (3.4) and (3.5) have no nontrivial solutions in the massless case
P 2 = 0, and as a result, these two equations also are equivalent to equations
(2.1) and (2.8). Therefore, the vector set of three equations (3.1) describes
a relativistic field with spin s = ǫα and mass M = m for any corresponding
choice of irreducible representations D˜j or D
±
α .
Moreover, by direct verification one can get convinced that in the general
case any two equations from eqs. (3.1) are equivalent to the complete set
of three equations. For example, in the case of representation D+α it can be
easily done with the help of the explicit form of the generators (2.18), (2.19).
Therefore, the presence of three equations (3.1) gives us a covariant set of
linear differential equations for the description of an arbitary spin field. As
a consequence, we have the following relation
RµLµ ≡ 0 (3.6)
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with
Rµ =
(
(α− 1)2gµν − i(α− 1)ǫµνλJλ + JνJµ
)
P ν, (3.7)
which reflects the dependence of eqs. (3.1) in a covariant way.
For completeness, let us write here the commutation relations of the op-
erators Lµ:
[Lµ, Lν ] = −imǫµνλ
(
Lλ +
P λ
m
(PJ − εαm)
)
, (3.8)
and note, that in the case α 6= 1 they can be rewritten in the following simple
form:
[Lµ, Lν ] = −imǫµνλ
(
gλρ +
P λJρ
m(α− 1)
)
Lρ.
As the simplest action leading to the proposed equations (3.1), we can
take
A =
∫
Ld3x, L = χ¯µLµΨ+ Ψ¯L†µχµ + c · Ψ¯(PJ − εαm)Ψ, (3.9)
where c is an arbitrary real parameter and χµ = χ
a
µ and χ¯µ = χ¯
a
µ are mutually
conjugate fields with index a taking values in the chosen representation of
SL(2, R) group. The variation of the action (3.9) with respect to χ¯µ gives
equations (3.1), whereas the Ψ¯-variation gives
L†µχ
µ + c · (PJ − εαm)Ψ = 0, (3.10)
and, besides, we have corresponding equations for the conjugate fields Ψ¯ and
χ¯µ. Hence, the basic field satisfy the equations which we want to have, and
from (3.10) we conclude that
L†µχ
µ = 0
for any choice of c [23]. Now it is necessary to get convinced that the fields χµ
and χ¯µare pure auxiliary fields. In the simplest way this can be done within
the Hamiltonian formalism which we hope to present in a future work.
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4 Discussion and conclusions
We have proposed the system of linear differential equations (3.1) for a frac-
tional spin field using infinite-dimensional representations D±α . They have
the form of a covariant (vector) set of matrix infinite-dimensional equations,
from which only two equations are independent and the presence of the third
one allows to have a covariant set of equations. One can show that eq. (3.1)
is in fact the only possible linear vector set of equations for a fractional spin
field. In other words, if we take an arbitrary linear combination of the op-
erators mJµ, Pµ and ǫµνλP
νJλ as the operator Lµ and then demand that
equations of the form (3.1) would be equivalent to eqs. (2.1) and (2.8), we
shall obtain for the operators Lµ the form (3.2).
Moreover, the following more general remarkable property of eqs. (3.1)
is valid. Let us take a set of linear differential equations of the form
(3.1) as the equations for a (2+1)-dimensional field, assuming that Lµ =
αPµ − iβǫµνλP νJλ + εmJµ, and that the generators Jµ are the most general
translation-invariant Lorentz group generators satisfying the commutation
relations (2.2) (i.e. not fixing the choice of a representation of SO(2, 1) from
the very beginning). In this case the parameters α and β are arbitrary dimen-
sionless constants. Then, multiplying these linear equations by the operators
mJµ, Pµ and −iǫµνλP νJλ, we find that there are only two possible cases in
which eqs. (3.1) are consistent. The first case is trivial and corresponds to
the choice of a trivial representation for generators: Jµ = 0, and, therefore, to
a trivial system with pµ = 0. In the nontrivial case there is an arbitrariness
in the normalization of the operator Lµwhich can be fixed by putting β = 1.
Then the system of vector equations (3.1) will be equivalent to the equations
(2.1), (2.8) and
(J2 + α(α− 1))Ψ = 0. (4.1)
Eq. (4.1) is simply the condition of irreducibility, and one can check that
the system of eqs. (2.1), (2.8) and (4.1) is consistent only in the case of
the choice of either finite-dimensional nonunitary representations D˜j , or the
infinite-dimensional unitary representations D±α .
Therefore, eq. (3.1) is the most general vector set of linear differential
equations for a fractional (arbitrary) spin field in 2 + 1 dimensions, whose
consistency fixes the choice of unitary representations of the universal cover-
ing group of (2+1)-dimensional Lorentz group. Let us notice here that refs.
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[12],[14]–[16] have used representations D±α for the description of fractional
spin fields proceeding, in fact, simply from the first quantized theory of the
relativistic point particle with torsion, and have not excluded for the pur-
pose the choice of other unitary infinite-dimensional representations of the
principal and supplementary continuous series of the SL(2, R) group (see
refs. [19] and a discussion in ref. [24]). After fixing the representation we
have property (3.6) as a simple consequence of the irreducibility condition
J2 = −α(α − 1), and, as a result, the number of independent equations for
the description of arbitrary spin fields here is the same as in the spinor-like
system of equations from the recent paper [18].
To conclude, let us list some related problems to be solved.
1. We have constructed the simplest action (3.9) leading to the proposed
equations (3.1). The action is invariant with respect to the local transfor-
mations: δχµ = R
†
µλ, δΨ = 0, λ being an arbitrary field, due to the identity
(3.6). Therefore, the following question arises: is it possible to derive the
fractional spin field action from a gauge symmetry principle based on the
local transformations δχµ = R
†
µλ ? It is not clear whether more complicated
choices of the field action (including the possibility of having additional aux-
iliary fields) will be equivalent to the action (3.9) or whether some new basic
ingredient should be identified in order to understand the formulation of a
free fractional spin system. It would be interesting to investigate the possible
relationship between the proposed approach to the description of a fractional
spin field and the approach based on the use of a U(1) statistical gauge field
[9]. Revealing such possible relationship seems very important because there
are some reasons to expect that anyons can occur only in gauge theories, or
in theories with a hidden local gauge invariance [7].
2. One can verify that the prescription of a simple substitution Pµ →
Pµ − eAµ in equations (3.1) to describe the interaction with the simplest
U(1) gauge (electromagnetic) field is consistent only in the case of the spinor
representation (2.4). Therefore, the introduction of the interaction of the
fractional spin field with gauge fields remains an open problem in the present
approach.
3. The next interesting problem consists in the construction of a corre-
sponding singular classical model of a relativistic particle, whose quantization
would lead to equations (3.1) as the equations for the physical states of the
system. Note, that corresponding classical models leading in an analogous
way to equations (2.1) and (2.8), and to ‘semionic’ equations were constructed
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in refs. [12, 16], and [17], respectively.
4. The most interesting and intriguing problem within the approach con-
sidered in this paper is the problem of second quantization of the fractional
spin field. The solution of this problem would answer the question of spin-
statistics relation for such fields. In connection with this problem, we would
like to make two remarks. First, we note, that the infinite-component nature
of the fractional spin field within the present approach can be considered as
some indication of a hidden nonlocal nature of the theory, and, therefore,
can be treated in favour of an existence of a spin-statistics relation [7, 25].
Second, let us point out, that when performing the second quantization of
a fractional spin field within Hamiltonian approach, an infinite number of
Hamiltonian constraints must appear, which are to single out only one phys-
ical component (like Ψ0 from eq. (2.21)) from the infinite component basic
field Ψn(x). This infinite set of constraints should appropriately be taken
into account.
At last, let us point out here that it seems interesting to investigate the
system of (four) linear vector differential equations for (3+1)-dimensional
field in an analogous way, starting from the generalization of eqs. (3.1) to
the (3+1)-dimensional case.
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